In this paper a BMO-type characterization of Dirichlet type spaces p on the unit ball of C n is given.
INTRODUCTION
Let B be the unit ball of C n n ≥ 1 with boundary S, dν the Lebesgue measure on B normalized so that ν B = 1, and σ the normalized rotation invariant measure on S; i.e., σ S = 1. The class of all holomorphic functions with domain B will be denoted by H B .
For p > −1, let
Here c p is a constant such that ν p B = 1. Let
it is a Hilbert space under the inner product defined as
for f and g are in L 2 dµ p . The space A 2 dµ p is the subspace of all holomorphic functions in L 2 dµ p ; i.e., A 2 dµ p = L 2 dµ p ∩ H B . It is the well known weighted Bergman space [1] . Let f be in A 2 dµ p ; then
Here
is the reproducing kernel of A 2 dµ p . The formula (1) is called the reproducing formula.
Let f be in H B with Taylor expansion f z = α≥0 a α z α . For p ∈ R, f is said to be in the Dirichlet type space p provided that
The space n is called the Dirichlet space. The spaces 0 and −1 are just the Hardy space H 2 B and the Bergman space A 2 dµ 0 , respectively. Hu and Shi [3] [4] [5] gave some characterizations by the integral of the radial derivative or higher order radial derivative for various regions of p. All of these results are very useful in the discussion of the pointwise multiplier and composition operator on Dirichlet type spaces. In this article, a BMO-type characterization of Dirichlet type spaces is given, which can be used to characterize the boundedness of Hankel and small Hankel operators on these spaces. The case of one-dimensional setting was discussed by Rochberg and Wu [6] and this type of characterization for Bergman space and Möbius invariant Besov p-spaces is given in [7, 8] .
Throughout this article, we will use the symbol C to denote a positive constant which may vary at each occurrence and does not depend on any functions or measures that we deal with. We also use the symbol "≈" to mean comparable. That is, "M ≈ N" means that there exist two constants C 1 and C 2 such that C 1 M ≤ N ≤ C 2 M. Our main result is the following theorem.
Theorem. Let f z = α≥0 a α z α ∈ H B p ≤ n δ τ > −1 and
The method used here to prove our main result is essentially the same as the one-dimensional setting, but some special techniques are introduced in the calculation.
SOME LEMMAS
In order to prove the main result, we first give some lemmas.
is the radial derivative of f .
Lemma 2. Let α be a given n-tuple index, let γ be an n-tuple index, and let j be a nonnegative integer; then
Proof. We will prove this result by mathematical induction for n. The case n = 1 is obvious. Suppose the result is valid for n = k. Let n = k + 1; denote γ = γ 1 γ and α = α 1 α . Here γ and α are k-tuple indices; then
Here C k m is the number of combinations. It follows that (3) is valid for n = k + 1. This completes the proof.
Lemma 3 [6] . Let x y > 0 be given; then
for all j k ∈ N. Here · and B · · are gamma and beta functions, respectively.
Proof. The result is valid obviously for p = n. If p < n, we first have
So (5) and (6) imply (4).
The following result can be achieved by direct calculation.
Lemma 5. For all multi-indices α and δ > −1,
we can only prove (2) for δ = τ and p < n.
The proof of the theorem. Let 2β = n + 2 + 2δ + p. With integration in polar coordinates, we have 1 − rte il η ζ 2β dθ dl dσ ζ dσ η
Take advantage of integration in polar coordinates and (8), we have
For every ξ ∈ B, let
By the reproducing property of A 2 dµ δ ,
For all multi-indices γ and γ = j,
and γ ≥ α means that γ j ≥ α j for j = 1 2 n. By (9), (10), (11), and Lemma 2,
Next we give the estimations of I 1 and I 2 . For I 1 ,
Since
when p < n. By Lemmas 3 and 4, we have 
This completes the proof.
Using Lemma 1, we get the following result. This result can be regarded as the generalization of the coresponding result of the one-dimensional setting.
